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Abstract. We show that whenever the q-dimensional Minkowski content of a subset
A ⊂ Rd exists and is finite and positive, then the “S-content” defined analogously as the
Minkowski content, but with volume replaced by surface area, exists as well and equals the
Minkowski content. As a corollary, we obtain the almost sure asymptotic behaviour of the
surface area of the Wiener sausage in Rd, d > 3.
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1. Introduction
LetX : [0, 1] → Rd be the d-dimensional standard Brownian motion, i.e. its coordi-
nates are independent Wiener processes starting at 0 and with variances var(X(i)(s)−
X(i)(t)) = |s − t|, i = 1, . . . , d. Its r-parallel neighbourhoods
Zr = {x ∈ R
d : dist(x, X [0, 1]) 6 r}, r > 0,
are sometimes called Wiener sausages, and are used to approximate the highly irreg-
ular and hardly tractable trajectory itself.
Exact formulas for the mean volume Eλd(Zr) were derived by Berezhkovski et al.
[1], using the known distributions of exit times of balls for X . Recently it was shown






d(Zr), r > 0.
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More difficult is the study of almost sure properties. The almost sure asymptotic
behaviour of the volume λd(Zr) was extensively studied (see, e.g., [6]) and almost
sure asymptotic expansions as well as central limit theorems were obtained (see [2]).
For the purpose of this note, we are interested only in the first order asymptotic








, d = 2,(1.1)
λd(Zr) = (d − 2)πκd−2 r
d−2 + o(rd−2), d > 3,(1.2)
where κp = π
p/2/Γ(1+p/2). The aim of this note is to derive almost sure asymptotic
behaviour for the surface area of the Wiener sausage. In particular, we show that in
dimension d > 3, we have







, r → 0+, d > 3.
This result, in fact, is not surprising since the leading expansion term is simply the
differential of the leading term in the volume expansion. On the other hand, it
has been shown in [5] that the asymptotic expansions of volume and surface area
of parallel sets are not always so strictly related. It turned out that (1.3) does not
follow from (1.2) in a simple way, and the proof of (1.2) using local times of Brownian
motions cannot probably be easily adapted.
We use a different geometric approach. In fact, we show (Theorem 3.1) a general












For the proof, we use the properties of the volume function derived by Stachó [7]
and [5]. In fact, we show a result on the asymptotic behaviour of a Kneser function.
Finally, we demonstrate on an example that an analogous approach cannot be ap-
plied in the two-dimensional case where the area of the Wiener sausage is asymptot-
ically proportional to 1/|log r| as r → 0. The asymptotic behaviour of the boundary
length of the Wiener sausage in dimension 2 remains open, up to our knowledge.
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2. Preliminaries
We start by listing some facts needed to prove our results. Throughout the paper
we work in Rd with d > 2. We use the notation λd for the Lebesgue measure in Rd
and Hs for the s-dimensional Hausdorff measure in Rd, 0 6 s 6 d.
Definition 2.1. Let f be a continuous nonnegative real function defined on [0,∞).
We say that f is a Kneser function of order d if for all 0 < a 6 b < ∞ and λ > 1,
f(λb) − f(λa) 6 λd(f(b) − f(a)).
We list some properties of Kneser functions proved by Stachó.
Proposition 2.2 ([7, Lemma 2, Theorem 1]). Let f be a Kneser function of or-
der d. Then
(i) f is absolutely continuous,
(ii) f ′(t) exists for all t > 0 up to a countable set,
(iii) left and right hand side derivatives of f (f ′− and f
′
+) exist for every t > 0, and
f ′− > f
′
+,
(iv) f ′− and f
′
+ are continuous from the left and from the right, respectively,
(v) the function f ′+(t)t
1−d is monotone decreasing, t > 0.
Let A be a bounded subset of Rd and let distA(·) denote the (Euclidean) distance
function from the set A. Given r > 0, we denote by
Ar := {z ∈ R
d : distA(z) 6 r}
the r-parallel neighbourhood of A. Further, we denote by VA(r) := λ
d(Ar) and
SA(r) := H
d−1(∂Ar) the volume and surface area of Ar, respectively.
The fact that the volume function VA has the property from Definition 2.1 is due
to Kneser.
Proposition 2.3 [3]. For any bounded set A ⊂ Rd, VA is a Kneser function of
order d.
The volume and surface area of parallel sets are related as follows.
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−(r) for all r > 0. Moreover, (VA)
′(r) exists and equals SA(r) for all
r > 0 up to a countable set.






whenever the limit exists. Analogously, if q < d, the q-dimensional S-content of A




(d − q)κd−q rd−q−1
,
whenever the limit exists. It was shown in [5] that if Sq(A) exists, thenMq(A) exists
as well and they are equal. The oposite implication remains, however, open.
3. Main results












Corollary 3.1. Let A ⊂ Rd be bounded. If the Minkowski q-dimensional content
Mq(A) exists and is positive finite for some q 6 d − 1, then the q-dimensional
S-content exists as well and we have Sq(A) = Mq(A).
P r o o f. VA is a Kneser function of order d by Proposition 2.3, hence we may
apply Theorem 3.1 with p = d − q and a = Mq(A). Since SA(r) > (VA)
′
+(r) by




















where R denotes the set of all t > 0 where the derivative (VA)
′(t) exists. It follows






and the proof of the corollary is completed. 










> a − δ
whenever 0 < r < η. Assume that (3.3) does not hold for some r > 0. Using
Proposition 2.2 (v) we get f ′+(t) 6 f
′
+(r)t
d−1/rd−1, t > r, thus




We denote s := τr, where τ := (a/(a − δ))1/(d−1) > 1.
Using the absolute continuity of f , we can obtain now an upper bound for the
difference:
(3.4) f(s) − f(r) =
∫ s
r
f ′+(t) dt 6
∫ s
r




On the other hand, the assumption (3.1) implies that for any ε > 0 there exists
r0 > 0 such that whenever 0 < r < r0 then
(a − ε)rp < f(r) < (a + ε)rp,
thus
f(s) − f(r) > a(sp − rp) − ε(sp + rp)
if τr < r0, and using the above notation we get
(3.5) f(s) − f(r) > arp(τp − 1) − εrp(τp + 1).
Putting (3.4) a (3.5) together we get the inequality


























Since τ > 1, the function u 7→ τu is convex increasing and, as d − 1 + p > d by
assumption, the right-hand side of (3.6) is positive. Let us denote it by ε0. Thus, if
0 < ε < ε0 then (3.3) must be true for all r < ε0/τ . This proves (3.2).










> a + δ
for some fixed δ > 0 and r > 0. We use Proposition 2.2 (v) to show that f ′+(t) > g(t)





We denote v := ̺r with ̺ := (a/(a + δ))1/(d−1) < 1. Similarly to (3.4) we obtain
(3.9) f(r) − f(v) =
∫ r
v
f ′+(t) dt > (a + δ)
p
d
· rp (1 − ̺d).
Let ε > 0 be given. Then by (3.1) we have
(3.10) f(r) − f(p) < arp (1 − ̺p) + ε rp (1 + ̺p)




















Now ̺ < 1, the function u 7→ ̺u is convex decreasing. Hence, the right hand side
of the last equality is strictly positive again. This means, however, when choosing ε
smaller, (3.8) cannot hold with r arbitrarily small. This proves (3.7) and the proof
is complete. 
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4. Application for the Brownian path
Let X be the standard d-dimensional Brownain motion as in Introduction, and
let Z = X [0, 1] be its random path up to time 1. It is known that Z has both the
Hausdorff and Minkowski dimensions 2 and the Minkowski content is




= (d − 2)π a.s.
(see [2] and [6]).
We apply now Corollary 3.2 to obtain





= (d − 2)π a.s.
In dimension 2, the situation is more complicated. The Minkowski dimension of
Z is 2 again, but the volume VZ(r) is asymptotically equivalent to π/|log r| a.s. We
conjecture that
SZ(r) ∼ (π/|log r|)
′ = π/(r log2 r), r → 0,
but a proof analogous to that of Theorem 3.1 fails, as shown by the following example.








f ′+(r) r log
2 r does not exist.
P r o o f. We define a continuous function f : (0, 1] → [0,∞) by
f(x) = anx





3n(n − 1) log 2
and cn =
a(3n − 4)
3n(n − 1) log 2
.




, n = 1, 2, . . . .
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We have f1(x) 6 f(x) 6 f2(x) with
f1(x) = f(2
−n), x ∈ [2−n, 2−(n−1)),
f2(x) = f(2








n log 2 = a,
lim
x→0+
f2(x)|log x| = lim
n→∞
a
(n − 1) log 2
n log 2 = a,
we get (4.2).
The derivative of f fulfils

































3n(n − 1) log 2





This shows that (4.3) is true. 
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